Abstract. We consider the non-stationary incompressible Euler equations in a 2D porous medium. We suppose a periodic porous medium, with the period proportional to the characteristic pore size ε and with connected fluid part. The flow is subject to an external force, corresponding to an inflow. We start from an initial irrotational velocity and prove that the effective filtration velocity satisfies a transient filtration law. It has similarities with Darcy's law, but it now connects the time derivative of the filtration velocity with the pressure gradient. The viscosity does not appear in the filtration law any more and the permeability tensor is determined through auxiliary problems of decomposition type. Using the limit problem, we construct the correction for the fluid velocity and prove that C 1 ([0, T ]; L 2 (Ω) 2 )-norm of the error is of order ε. Similarly, we estimate the difference between the fluid pressure and its correction in C([0, T ]; L 1 (Ω)) as Cε.
Introduction
The derivation of filtration laws in a porous medium by homogenization of incompressible Navier-Stokes equations is nowadays well understood. Starting from Tartar's rigorous justification of Darcy's law by homogenization of the Stokes system in a periodic porous medium (see e.g. the review paper of G. Allaire [1] ), this method allowed also to treat the inertia effects (see A. Mikelić [8] , A. Bourgeat, E. Marušić-Paloka, A. Mikelić [2] ). However, having the Reynolds number of an order in ε higher than the critical value determined in A. Mikelić [8] , the asymptotic analysis of the Navier-Stokes system gives the stationary "two-pressures" Euler system with the Prandtl boundary layer at the local cell level and such systems do not seem to be well-posed.
On the other hand, it is important to consider underground flows of fluids with small viscosity. Having in mind the crucial role played by the viscosity in the derivation of Darcy's law, it is questionable whether the linear relation between the filtration velocity and the pressure gradient can be still used. This question can be clarified only by considering the upscaling of the non-stationary incompressible Euler system in a porous medium, with a correct choice of the dimensionless characteristic numbers.
Underground flows are governed by inflows and outflows, or by pressure drops at the boundary. However, the simultaneous study of boundary layers and the flow equations lead to significant technical complications (see e.g. [7] ). In view of it, we introduce instead an external force caused by the boundary data and consider the incompressible Euler system in 2D. At the outer boundary we impose periodic boundary conditions.
The dimensionless form of the equation reads as follows:
where L is the characteristic length, U is the characteristic velocity and T is the characteristic time. The equation (1.1) is valid in the fluid part of the domain and L = O(1). Then the transient flow regime is described by the choice T = O(1). Moreover, F ε is the body force and F ε = O(ε). The choice of the characteristic velocity determines completely the effective filtration. The formal asymptotic expansion leads to the following three possibilities:
-if U is of order o(ε), then the filtration law involves a linear relationship between the time derivative of the velocity and the pressure gradient,
-if U is of order bigger than O(ε), we meet the same type of difficulties as in the case of the Navier-Stokes system with the high Reynolds number and it is a kind of turbulent filtration, -finally, if the characteristic velocity behaves as O(ε), the terms in the material derivative of the velocity are of the same order at the pore level and the inertial term contributes to the approximation of the pressure.
Consequently, the case U = O(ε) is the most interesting non-turbulent filtration regime leading to a new constutive relation which does not involve viscosity. Its practical importance is limited only by the fact that, in realistic situations, such flow is usually unsaturated and the presence of air slows the flow. Then F ε = εf guarantees that u ε = O(1) and the underlying initial value problem is:
where Ω ε is the fluid part of the domain Ω. For simplicity, we suppose that the porous medium Ω is a rectangle Ω = (0, L) 
2 is covered by a regular mesh of size ε (the pore size). Finally, we denote
The main results of this paper are twofold: Firstly, we are going to homogenize the Euler system (1.2)-(1.5) containing inertia effects at the pore level, which is the first result of this type in the literature. Secondly, we will obtain a new class of transient filtration laws which do not involve viscosity. Moreover, we are going to prove the convergence of the homogenization process through an L 2 estimate of order O(ε) for the velocity and of order O(1) not for the pressure itself, but for a pseudo-pressure taking into account the velocity.
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Derivation of the transient filtration law
Then the classical theory (see e.g. P.L. Lions [5] or C. Marchioro, M. Pulvirenti [6] ) implies the existence of a unique solution
Let us recall the Lamb formula in 2D:
where ω = curl(u). Then, denoting ω ε = curl(u ε ), we rewrite (1.2) as
Taking the curl of this equation, we obtain that ω ε is a smooth solution of the following transport equation:
Hence, with the classical results of V.I. Judovič [4] , we obtain an expression of ω
where Φ ε denotes the flow associated with the ODEẏ = εu ε (t, y) and ω ε 0 = curl(u ε 0 ). Thus, we obtain the following a priori estimates for {u ε , ω ε }:
Proof. Estimate (2.3) is immediate with (2.2) and (2.4) follows by taking successively u ε and ∂ t u ε as test-functions in (2.1).
From now on we suppose in addition curl y (u 0 ) = 0 in Ω× Y. Then the estimates (2.3)-(2.4) imply that ω ε , u ε and ∂ t u ε are uniformly bounded with respect to ε in appropriate norms. Remark 2.2. A cursory glance at the velocity estimate in V.I. Judovič [4] suffices to find out that (2.3)-(2.4) do not imply a uniform bound for ∇u ε , since the flow has non-zero circulations around solid inclusions.
Therefore it is reasonable to try the following two-scale asymptotic expansion for u ε and p ε :
After standard calculations, we obtain the following system of PDE's, coupling the microstructure and the macrostructure:
We transform (2.7) by using the Lamb formula and get
with ω 0 = curl y (u 0 ). Then, taking the curl of this equation, we obtain that the vorticity field satisfies a homogeneous linear transport equation with zero initial value (since we suppose curl y (u 0 ) = 0) and has (0, T )×S as characteristic boundary x-(a.e.). Hence, for any Lipschitz function u 0 , we have ω 0 = 0 and (2.11) becomes
Now the problem described by (2.8)-(2.10) and (2.12) can be analysed as a linear problem by defining a pseudo-pressure fieldπ 0 by:
Thus, we are able to separate fast and slow scales by setting:
The matrix K is given by: (2.15) and {w i , π i } is the unique solution for the decomposition problem
where e i is the i-th canonical basis vector of R 2 .
Now let K E = Y K(y) dy be the "Euler permeability" tensor. Obviously K E is symmetric and positive definite. The "Euler filtration velocity" is then u E (x, t) = Y u 0 (x, y, t) dy and the effective flow is described by the following equations:
(2.17)
In the next section, we prove the existence of a unique smooth solution for the problem (2.7)-(2.10) satisfying 
Existence and uniqueness for the two-pressures Euler equations
The theory of the two-pressures Navier-Stokes system, analogous to (2.7)-(2.10), is quite complicated and it was only possible to prove existence and uniqueness for f with small Lipschitz norm in the stationary case (see A. Mikelić [8] and E. Marušić-Paloka, A. Mikelić [7] ). On the contrary, we prove that under the hypothesis curl y (u 0 ) = 0, the 2D two-pressures Euler system with condition (2.18) has a unique smooth global solution.
We start with the existence of a smooth solution. Let
Now we set 
For the transport equation (3.4 A ), S is a characteristic boundary and we do not need any boundary condition on it. Therefore, ω 0 = 0 and we conclude that smooth solutions for (2.7)-(2.10) have the fast scale vorticity equal to zero.
Step 2. Let us suppose that the system (2.7)-(2.10) has two different smooth solutions. Then their difference, which we denote by {v 0 ,π, π 0 }, satisfies the homogeneous linear system
(3.5)
We note that using the Lamb formula and the result of step 1, the inertial terms
. Now the energy equality gives v 0 = 0 and (3.5 A ) reduces to:
Thus, we obtain that ∇ yπ is a constant with respect to y. Taking into account the periodicity in y, we obtainπ as a function of (x, t) only. Using now the condition (2.18), we get Yπ dy = 0 and finallyπ = 0. The same kind of argument gives also π 0 = 0 and the proposition is proved.
Convergence of the homogenization process
In this section, we justify rigorously the first terms in the asymptotic expansions (2.5) and (2.6), i.e. we prove that the differences u ε − u 0 x, x ε , t and εp
are of order ε in appropriate norms.
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Let u 0ε (x, t) = u 0 x, x ε , t and p 1ε = p 1 x, x ε , t for (x, t) ∈ Ω ε × (0, T ), and
, where
However, div(u 0ε ) is not small and it introduces important compressibility effects. We follow W. Jäger, A. Mikelić [3] and introduce the following auxiliary problem:
such that:
Owing to (2.10), (4.1) has a solution
The convergence result reads as follows: 
In order to prove theorem 4.1, we mimic the ideas from A. Mikelić [8] and find the equations satisfied by u ε − u 0ε + Q ε . After subtracting the appropriate expressions, we get the following linear system for π
where
Using Proposition 2.1 and regularity properties of u 0 , p 1 and Q we obtain immediately the estimate
It remains to estimate the pseudo-pressure term π ε using ∂ t w ε and then the multiplication by ∂ t w ε will give the required estimate for the "residual" velocity field w ε .
However, if the velocity is easily extended by zero to (Ω \ Ω ε ) × (0, T ) and its H(Ω ε , div)-norm conserved, this is not the case with the pressure. In analogy with Tartar's construction in the homogenization of the Stokes flow through porous media, we need a restriction operator, which in our situation acts between
(Ω) and v.ν is Ω-antiperiodic}, and H(Ω ε , div), and preserves the divergence-free vectors. We have:
Lemma 4.2. There exists a linear continuous operator
for any v ∈ H per (Ω, div). Standard estimates for a nonhomogeneous Neumann problem for Laplace's operator yield to:
Step 2. Following the classical construction from homogenization of the Stokes flow through porous media, we rescale R from Y to ε(Y + k) and obtain an operator R ε satisfying (4.6)-(4.7). For details we refer to L. Tartar [9] or G. Allaire [1] .
Proposition 4.3. Let w
ε and π ε be given smooth functions satisfying (4.4). Let R ε be the restriction operator defined by lemma 4.2 and F ε be given by 
where M is the virtual mass tensor. In the case of a simple body O, M can be explicitely calculated. For example, if O is a ball, then M = (1 − |Y|)I and, consequently, K E = (2|Y| − 1)I + o(1 − |Y|).
For the details, we refer to V.V. Zhikov et al. [10] .
